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BASIC QUASI-HOPF ALGEBRAS OF DIMENSION n3
SHLOMO GELAKI
1. Introduction
It is shown in [EG] that a finite dimensional quasi-Hopf algebra over C with
radical of codimension 2 is twist equivalent to a Nichols Hopf algebra [N], or to a
lifting of one of four special quasi-Hopf algebras of dimensions 2, 8, 8, and 32.
The purpose of this paper is to construct new finite dimensional basic 1 quasi-
Hopf algebras A(q) of dimension n3, n > 2, parameterized by primitive roots of
unity q of order n2, with radical of codimension n, which generalize the construction
of the basic quasi-Hopf algebras of dimension 8 given in [EG]. These quasi-Hopf
algebras are not twist equivalent to a Hopf algebra, and may be regarded as quasi-
Hopf analogs of Taft Hopf algebras [T].
By [EO], our construction is equivalent to the construction of new finite ten-
sor categories with integer Frobenius-Perron dimensions of objects, whose simple
objects form a cyclic group of order n, and which are not tensor equivalent to a
representation category of a finite dimensional Hopf algebra.
We also prove that ifH is a finite dimensional radically graded quasi-Hopf algebra
with H [0] = (k[Z/nZ],Φ), where n is prime and Φ is a nontrivial associator, such
that H [1] is a free left module over H [0] of rank 1 (it is always free by [S]) then H
is isomorphic to A(q).
This paper is the first part of the author’s work on nonsemisimple quasi-Hopf
algebras with a prime number of simple objects, all of which are invertible. The
second part of this work is the paper math.QA/0403096 which is written jointly
with Pavel Etingof.
Acknowledgments. The author is grateful to P. Etingof for numerous stimu-
lating discussions.
The author’s research was supported by The Israel Science Foundation (grant
No. 70/02-1).
2. Preliminaries
Let H = (H,∆, ε,Φ, S, α, β) be a quasi-Hopf algebra [D]. Let J =
∑
i fi ⊗ gi ∈
H ⊗H be an invertible element satisfying
(ε⊗ id)(J) = (id⊗ ε)(J) = 1,
with inverse J−1 =
∑
i fi ⊗ gi. Following [D] we will call such an element a twist
for H . (In [K], it is called a gauge transformation.) Set
αJ :=
∑
i
S(fi)αgi and βJ :=
∑
i
fiβS(gi).
Date: September 6, 2004.
1Recall that a finite dimensional algebra is called basic if every irreducible representation of it
is 1−dimensional.
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In [D] it is explained that given a twist J for H , if βJ is invertible then one can
define a new quasi-Hopf algebra structure HJ = (H,∆J , ε,ΦJ , SJ , βJαJ , 1) on the
algebra H , where
∆J(h) = J∆(h)J
−1, h ∈ H,
ΦJ := (1⊗ J)(id⊗∆)(J)Φ(∆ ⊗ id)(J
−1)(J ⊗ 1)−1,
and
SJ(h) := βJS(h)β
−1
J , h ∈ H.
Remark 2.1. For basic quasi-Hopf algebras the elements α and β are always
invertible. Indeed, if Φ =
∑
iXi ⊗ Yi ⊗ Zi then
∑
iXiβS(Yi)αZi = 1 ([D]), so α
and β cannot be zero on any 1−dimensional representation and hence are invertible.
3. The main results
3.1. Let n ≥ 2 be a positive integer, k a field of characteristic prime to n, and q
a fixed primitive root of unity of degree n2.
Let H = H(q) be the Taft Hopf algebra [T] generated by g, x with relations
(1) xn
2
= 0, gn
2
= 1 and gx = qxg,
with coproduct
(2) ∆(g) = g ⊗ g, ∆(x) = x⊗ g + 1⊗ x,
with counit
(3) ε(g) = 1, ε(x) = 0,
and with antipode
(4) S(g) = g−1, S(x) = −xg−1.
Then H is pointed (i.e. H∗ is basic) of dimension n4.
Let A = A(q) be the subalgebra of H generated by a := gn and x. Then
dim(A) = n3. Note that A ⊂ H is not closed under coproduct.
We will construct a twist J in k[Z/n2Z] ⊗ k[Z/n2Z] such that the associator
Φ := dJ belongs to k[Z/nZ]⊗3 ⊂ k[Z/n2Z]⊗3 and J∆(x)J−1 belongs to A⊗A. By
constructing such J we will get that A ⊂ HJ is a quasi-Hopf subalgebra.
Remark 3.1. The idea of constructing quasi-Hopf algebras as sub-quasi-Hopf al-
gebras of twists of Hopf algebras arose in a different context in [ER].
Let {1z|0 ≤ z ≤ n
2− 1} be the set of primitive idempotents of k[Z/n2Z] defined
by the condition g1z = q
z1z, and denote by i
′ the remainder of division of i by n.
Define
(5) J :=
n2−1∑
z,y=0
c(z, y)1z ⊗ 1y, where c(z, y) := q
−z(y−y′).
Lemma 3.2. J is invertible and satisfies
(ε⊗ id)(J) = (id⊗ ε)(J) = 1.
Proof. Clearly J−1 =
∑n2−1
z,y=0 c(z, y)
−11z ⊗ 1y.
Since (ε⊗id)(J) =
∑n2−1
y=0 c(0, y)1y and (id⊗ε)(J) =
∑n2−1
z=0 c(z, 0)1z, the second
claim follows. 
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Let {1s|0 ≤ s ≤ n − 1} be the set of primitive idempotents of k[Z/nZ]. Note
that
(6)
n−1∑
i=0
1s+ni = 1s
for any 0 ≤ s ≤ n− 1.
Let a be a generator of Z/nZ and f ∈ Hom(Z/nZ,Q/Z) be given by a 7→ 1/n.
Lift f to Q and set F := df ∈ H2(Z/nZ,Z). The following lemma is well known.
Lemma 3.3. The map H1(Z/nZ, k∗) = Hom(Z/nZ, k∗) → H3(Z/nZ, k∗) given
by γ 7→ γ ∪ F defines an isomorphism of groups.
Using this lemma we obtain the following.
Lemma 3.4. The map ω : (Z/nZ)3 → k∗ given by ω(i, j, k) = qi(j+k−(j+k)
′) is a
nontrivial 3-cocycle, where i′ denotes the remainder of the division of i by n. In
particular, the element
(7) Φl :=
p−1∑
i,j,k=0
qil(j+k−(j+k)
′)1i ⊗ 1j ⊗ 1k
is a nontrivial associator for Z/nZ for any 1 ≤ l ≤ n− 1.
Lemma 3.5. The associator ΦJ equals Φ−1, so in particular belongs to A⊗A⊗A
and is non-trivial.
Proof. Recall that
ΦJ = dJ = (1⊗ J)(id ⊗∆)(J)(∆ ⊗ id)(J
−1)(J ⊗ 1)−1.
We compute:
ΦJ =
n2−1∑
z,y,w,u,s,t,p,q=0
c(z, y)c(w, u)c(s, t)−1c(p, q)−11w1b1p ⊗ 1z1a1s−b1q ⊗ 1y1u−a1t
=
n2−1∑
z,y,w=0
c(z, y)c(w, z + y)c(w + z, y)−1c(w, z)−11w ⊗ 1z ⊗ 1y
=
n2−1∑
z,y,w=0
q−w(z
′+y′−(z+y)′)1w ⊗ 1z ⊗ 1y
=
n−1∑
z,y,w=0
q−w(z+y−(z+y)
′)1w ⊗ 1z ⊗ 1y,
as desired. 
Lemma 3.6. The coproduct ∆J (x) of x in HJ lies in A ⊗ A, and is given by the
following formula:
(8) ∆J(x) = x⊗
n−1∑
y=0
qy1y + 1⊗ (1− 10)x+ a
−1 ⊗ 10x.
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Proof. We compute:
∆J(x) = J∆(x)J
−1 = J(x⊗ g)J−1 + J(1⊗ x)J−1
=
n2−1∑
z,y,a,b=0
c(z, y)c(a, b)−11zx1a ⊗ 1yg1b +
n2−1∑
z,y,a,b=0
c(z, y)c(a, b)−11z1a ⊗ 1yx1b
=
n2−1∑
z,y,a=0
c(z, y)c(a, y)−11zx1a ⊗ 1yg +
n2−1∑
z,y,b=0
c(z, y)c(z, b)−11z ⊗ 1yx1b
Using the fact that 1wx = x1w−1 for all w, and 1yg = q
y1g for all y, we get that
the last equation equals:
n2−1∑
z,y=0
qyc(z, y)c(z − 1, y)−1x1z−1 ⊗ 1y +
n2−1∑
z,y=0
c(z, y)c(z, y− 1)−11z ⊗ x1y−1,
which equals
x⊗
n−1∑
y=0
qy1y + 1⊗ x(1− 1n−1) + a
−1 ⊗ x1n−1,
or equivalently to
x⊗
n−1∑
y=0
qy1y + 1⊗ (1− 10)x+ a
−1 ⊗ 10x,
as desired.

Proposition 3.7. (A,∆J ,ΦJ) is a quasi-subbialgebra of HJ .
Proof. The facts that
(id⊗∆J )∆J (x) = ΦJ(∆J ⊗ id)∆J (x)Φ
−1
J , x ∈ A,
and
(ε⊗ id)∆J(x) = (id⊗ ε)∆J (x) = x, x ∈ A,
follow since HJ is a quasi-Hopf algebra. The result follows now from Lemmas 3.5,
3.6. 
Lemma 3.8. We have
(9) αJβJ = a
−1 and SJ(x) = −x
n−1∑
z=0
qn−z1z.
Proof. Let us first compute βJ . By definition,
βJ =
n2−1∑
z,y=0
c(z, y)1z1−y =
n2−1∑
z=0
c(z,−z)1z =
n2−1∑
z=0
qn(
z−z′
n
+1)z1z =
n2−1∑
z=0
q(z−z
′+n)z1z.
Similarly,
αJ =
n2−1∑
z=0
c(−z, z)−11z =
n2−1∑
z=0
q−n(
z−z′
n
)z1z =
n2−1∑
z=0
q−(z−z
′)z1z.
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Therefore,
αJβJ =
n2−1∑
z=0
q(z−z
′+n)z−(z−z′)z1z =
n2−1∑
z=0
qnz1z = a
−1,
as desired.
Clearly, SJ(a) = a
−1 ∈ A. Let us now compute SJ(x). By definition, SJ(x) =
βJ(−xg
−1)β−1J . Since 1zx = x1z−1 and 1zg
−1 = q−z1z, we get that
βJ(−xg
−1)β−1J = −x
n2−1∑
z=0
q(z+1−(z+1)
′+n)(z+1)−z−(z−z′+n)z1z.
It is straightforward to check that the exponent of q equals n− z′ modulo n2, and
hence that
SJ(x) = −x
n2−1∑
z=0
qn−z
′
1z = −x
n−1∑
z=0
qn−z1z,
as desired. 
Therefore, we have proved our first main result:
Theorem 3.9. For any q, (A(q),∆J , ε,ΦJ , SJ , a
−1, 1) is a basic quasi-Hopf algebra
of dimension n3, which is not twist equivalent to a Hopf algebra.
Theorem 3.9 and [EO] imply the following.
Corollary 3.10. The representation category Rep(A) of A is a finite tensor cat-
egory with integer Frobenius-Perron dimensions of objects, whose simple objects
form a cyclic group of order n. Furthermore, Rep(A) is not tensor equivalent to
a representation category of a finite dimensional Hopf algebra (i.e. does not admit
a fiber functor to the category of k−vector spaces). However, it is a quotient of
Rep(H) and has (Rep(Z/nZ),ΦJ ) as a semisimple module category. So by [EO], it
is tensor equivalent to a representation category of a finite dimensional weak Hopf
algebra.
Remark 3.11. In the case n = 2, A is isomorphic to H−(8) for q = i and H+(8)
for q = −i, where H−(8), H+(8) are the 8−dimensional quasi-Hopf algebras con-
structed in [EG]. Indeed, one has to replace x with g2x.
3.2. Let H be a finite dimensional radically graded quasi-Hopf algebra; that is,
H = grH where grH is taken with respect to the radical filtration. Suppose that
H [0] = (k[Z/nZ],Φ), where n > 2 is an integer and Φ is a nontrivial associator.
(For the case n = 2, see [EG].) In this case, as explained in [EG], H is generated
by H [0] and H [1]. By [S], H [1] is a free left module over H [0]. Assume that it is a
module of rank 1.
We can assume that Φ = Φs =
∑n−1
i,j,k=0Q
si(j+k−(j+k)′)/n1i ⊗ 1j ⊗ 1k, where Q
is a primitive root of 1 of degree n.
Let a be a generator of Z/nZ, and Qr be the scalar by which of Ad(a) acts on
H [1]. By Theorem 2.17 in [EO], r 6= 0.
Assume that r and s are coprime to n. Then by changing Q, we can assume
that s = −1, and then, changing Q to Qr
2
and a to ar, we get to a situation where
s = −1 and r = 1. Thus, we can assume from the beginning that s = −1 and
r = 1.
Our second main result is the following.
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Theorem 3.12. Let H be as above. Then H = A(q) for some primitive root
of unity q of degree n2. Moreover, the quasi-Hopf algebras {A(q)} are pairwise
nonisomorphic.
Corollary 3.13. Suppose n is prime. Then H = A(q) for some primitive root of
unity q of degree n2.
Proof. For n = 2 it is proved in [EG]. For n > 2 it follows from Theorem 3.12, and
the fact that r 6= 0 by Theorem 2.17 in [EO]. 
Remark 3.14. Note that if the associator of H is trivial (and H [1] still has rank
1 over H [0] = k[Z/nZ]), then H is obviously equivalent to the Taft algebra of
dimension n2.
The rest of the subsection is devoted to the proof of Theorem 3.12.
Let χ be the character of Z/nZ defined by χ(a) = Q. For z ∈ H and 1 ≤ l ≤ n
define
(10) ξl(z) := (χ
l ⊗ id)(∆(z)) and ηl(z) := (id⊗ χ
l)(∆(z)).
Then ξl and ηl are algebra homomorphisms from H to H , ξl(a) = ηl(a) = Q
la and
H [1] is invariant under ξl and ηl.
Let La : H → H denote left multiplication by a. We will abuse notation and
write a for La.
Lemma 3.15. ξla = Q
laξl and ηla = Q
laηl.
Set
(11) Er = Er(Q) :=
n−2∑
k=0
1k−r +Q1n−1−r,
and ξ := ξ1, η := η1.
Lemma 3.16. ξn = Q−1id, ηn = Qid and ξη = E−10 E−1ηξ.
Proof. We have
ξ(ξl(z)) = (χ
l ⊗ χ⊗ id)((id ⊗∆)∆(z)) = (χl ⊗ χ⊗ id)(Φ(∆ ⊗ id)∆(z)Φ−1).
Since (χl ⊗ χ⊗ id)(Φ) =
∑n−1
k=0 Q
−l 1+k−(1+k)
′
n 1k =
∑n−2
k=0 1k +Q
−l1n−1 = E
−l
0 , we
get that ξ(ξl(z)) = E
−l
0 ξl+1E
l
0 = E
−l
0 E
l
−1ξl+1 and hence, ξl+1 = E
l
0E
−l
−1ξξl. So by
induction,
ξm+1 = E
−m
0 E−1E−2 · · ·E−mξ
m+1.
Therefore, id = ξn = E0E−1E−2 · · ·E−(n−1)ξ
n. Hence, we get that ξn = Q−1id, as
desired.
Similarly, since (id⊗ χ⊗ χl)(Φ) equals 1 if l < n− 1 and a if l = n− 1, we get
that ηn = Qid.
Finally,
ξη(z) = (χ⊗ id⊗ χ)(Φ(∆ ⊗ id)∆(z)Φ−1) = E−10 (χ⊗ id⊗ χ)((∆⊗ id)∆(z))E0,
which is equivalent to ξη = E−10 E−1ηξ, as desired. 
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Let B(Q) be the algebra generated by ξ, η, a with the following relations:
(12) an = 1, ξn = Q−1, ηn = Q, ξa = Qaξ, ηa = Qaη and ξη = E−10 E−1ηξ.
We can rescale the generators so that B(Q) is generated by ξ, η, a with the same
relations except that
(13) ξn = ηn = 1.
We have thus proved the following proposition.
Proposition 3.17. The algebra B(Q) acts on the space H [1].
Let us now study the representations of the algebra B(Q).
Consider the n quasi-Hopf algebras A(q), where q is a n−th root of Q. In
it ∆(x) is given by equation (8). Set Vq to be A(q)[1]. Then Vq has a basis
{1ix|0 ≤ i ≤ n− 1}, and the algebra B(Q) acts on Vq via
a1ix = Q
i1ix , η(1ix) = q1i−1x and ξ(1ix) = Q
−δi,01i−1x.
In particular, the eigenvalues of ηξ−1 on Vq are q with multiplicity n − 1 and Qq
with multiplicity 1.
Proposition 3.18. B(Q) ∼=
⊕
q, qn=Q EndC(Vq).
Proof. Since the eigenvalues of ηξ−1 are different for different choices of q, the
representations Vq are pairwise non-isomorphic. Also, the representations Vq are
irreducible. Therefore, there is a surjective map ϕ : B(Q) →
⊕
q, qn=Q EndC(Vq).
But, {aiξjηk|0 ≤ i, j, k ≤ n − 1} is a spanning set for B(Q), so the dimension of
B(Q) is less than or equal to n3. Therefore, ϕ is an isomorphism, and so B(Q) is
semisimple, has dimension n3 and its irreducible representations are the Vq. 
Corollary 3.19. The quasi-Hopf algebras A(q) are pairwise non-isomorphic.
Proof. Let f : A(q1) → A(q2)K be an isomorphism of quasi-Hopf algebras, where
K is a twist. By passing to gr(f) (under the radical filtration), we may assume
that K has degree 0 and f preserves the gradings. Then f(a) = ar, where r is
coprime to n. In this case the condition that f maps the associator of A(q1) to the
associator of A(q2) twisted by K is that q
n
1 = q
nr2
2 , and the fact that the action
of Ad(a) on A(qi)[1], i = 1, 2, is by q
n
i implies q
n
1 = q
nr
2 . This implies that r = 1
(i.e. qn1 = q
n
2 = Q) and f(a) = a. In particular, K is a Hopf twist in k[Z/nZ]
⊗2,
hence K is a coboundary and hence we may assume that K = 1⊗ 1. So f defines
an isomorphism of representations of B(Q): Vq1 → Vq2 . Hence q1 = q2. 
Finally, by Propositions 3.17, 3.18, and the assumption that H [1] has rank 1, we
have that H [1] = Vq for some q. Let v1, . . . , vn be the basis of Vq as above. Let
x :=
∑
j vj . Then the coproduct formula for x is as in (8) (since ξj(x) and ηj(x)
are as in A(q)). Thus, H is a quotient of A(q) by a graded ideal for the relevant q.
Lemma 3.20. A = A(q) has no nonzero quasi-Hopf ideals other than itself and
I := Rad(A).
Proof. Let L be a nonzero quasi-Hopf ideal of A, not equal to A or Rad(A). Con-
sider A′ := gr(A/L). Then A′ is a quasi-Hopf algebra and A′[1] is a free rank 1
module over A′[0] = (k[G],Φ). LetH ′ be obtained from A′ by adjoining a new grou-
plike element h such that Ad(h) acts by q on A′[1] and hn = a. Let H ′′ := (H ′)J−1 ,
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where J is as in (5). Then H ′′ is a Hopf algebra generated by a grouplike element h
and a nonzero skew-primitive element x satisfying the relations of the Taft algebra
of dimension n4. So H ′′ is a nonsemisimple quotient of the Taft algebra. But it is
well known that the Taft algebra does not have nontrivial nonsemisimple quotients.
So H ′′ is the Taft algebra, hence dim(A′) = n3 and A′ = A. Thus, L = 0. 
We conclude that H = A(q). This completes the proof of Theorem 3.12.
References
[D] V. Drinfeld, Quasi-Hopf algebras. (Russian) Algebra i Analiz 1 (1989), no. 6, 114–148;
translation in Leningrad Math. J. 1 (1990), no. 6, 1419–1457.
[EG] P. Etingof and S. Gelaki, Finite-dimensional quasi-Hopf algebras with radical of codimen-
sion 2, Mathematical Research Letters, math.QA/0310253.
[EO] P. Etingof and V. Ostrik, Finite tensor categories, submitted, math.QA/0301027.
[ER] B. Enriquez, V. Rubtsov, Quasi-Hopf algebras associated with sl2 and complex curves,
Israel J. Math. 112 (1999), 61–108.
[K] C. Kassel, Quantum Groups, Springer, New York, 1995.
[N] W. Nichols, Bialgebras of type one, Comm. Algebra 6 (1978), no. 15, 1521–1552.
[S] P. Schauenburg, A quasi-Hopf algebra freeness theorem, math.QA/0204141.
[T] E. Taft, The order of the antipode of finite-dimensional Hopf algebras, Proc. Nat. Acad.
Sci. USA. 68 (1971), 2631–2633.
Department of Mathematics, Technion-Israel Institute of Technology, Haifa 32000,
Israel
E-mail address: gelaki@math.technion.ac.il
